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Overview

A scientific study of yawning found that more yawns occurred in calculus class 
than anywhere else.* This book hopes to remedy that situation. Rather than being 
another dry recitation of standard results, our presentation exhibits many of the 
fascinating and useful applications of mathematics in business, the sciences, and 
everyday life. Even beyond its utility, however, there is a beauty to calculus, and 
we hope to convey some of its elegance and simplicity.

This book is an introduction to calculus and its applications to the management, 
social, behavioral, and biomedical sciences, and other fields. The seven-chapter 
Brief Applied Calculus contains more than enough material for a one-semester 
course, and the eleven-chapter Applied Calculus contains additional chapters on 
trignometry, differential equations, sequences and series, and probability for a 
two-semester course. The only prerequisites are some knowledge of algebra, func-
tions, and graphing, which are reviewed in Chapter 1 and in greater detail in the 
Algebra Review appendix.

ACCURATE AND ACCESSIBLE
Our foremost goal in writing these books has been to make the content as accessible 
to as many students as possible. Over time, we have introduced various features to 
address the changing needs of students as they learn the essential techniques and 
fundamental concepts of calculus. In order maintain students’ interest and pro-
vide them with the most accurate and engaging textbook, we have been guided by 
the following principles.

■■ Informal Proofs  Because this book is applied rather than theoretical, we have 
preferred intuitive and geometric justifications to formal proofs. We provide a 
justification or proof for every important mathematical idea. When proofs are 
given, they are correct and mathematically honest. 

■■ Integration of Mathematics and Applications  Every section has applications to 
motivate the mathematics being developed (see, for example, pages 27–28 and 
119–120). There are no “pure math” sections.

■■ Rapid Start  When learning something, it is best to begin doing it as soon as 
possible. Therefore, we keep the preliminary material brief so that students 
begin calculus without delay (in Section 2.2). An early start allows more time 
for interesting applications throughout the course.

■■ Just-in-Time Review  Review material is placed just before it is used, where it is 
more likely to be remembered, rather than in lengthy early chapters that “review” 
material that was never mastered in the first place. Exponential and logarithmic 
functions are reviewed just before they are differentiated in Section 4.3, and 
the sine and cosine functions are reviewed just before they are differentiated in 
Section 8.3, as are the other trigonometric functions in Section 8.5.

■■ Continual Algebra Reinforcement  Since many of today’s students have weak 
algebra skills, which impede their understanding of calculus, examples have 
blue annotations in the right margin giving brief explanations of the steps 
(see, for example, page 88). For extra support, we also offer a Diagnostic 
Test (appearing before Chapter 1) to help students identify skills that may 

*Ronald Baenninger, “Some Comparative Aspects of Yawning in Betta splendens, Homo sapiens,  
Panthera leo, and Papoi spinx,” Journal of Comparative Psychology 101 (4).
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need review along with a supplementary Algebra Review appendix for 
additional reference.

CHANGES IN THE SEVENTH EDITION

New Content
■■ Section 3.7 Differentials, Approximations, and Marginal Analysis is new in the 

seventh edition. This section is optional and can be omitted without loss of 
continuity.

■■ An Algebra Review appendix is keyed to parts of the text (see, for example, page 49).
■■ A Diagnostic Test has been added to help students identify skills that may need 

review. This test appears before Chapter 1. Complete solutions are given in the 
Algebra Review appendix.

■■ New material on parallel and perpendicular lines has been added to Section 1.1, 
Real Numbers, Inequalities, and Lines.

■■ New exercises have been added and over 100 updated (including all of the 
Wall Street financial exercises) with current real-world data and sources. 
New Explorations and Excursions exercises give further details or theoretical 
underpinnings of the topics in the main text.

■■ A new “What You’ll Explore” paragraph on the opening page of each chapter 
previews the ideas and applications to come.

Enhanced Learning Support
■■ Throughout the text there are now  and  

marginal notes that show connections between current material and past or 
future developments to unify students’ understanding of calculus.

■■ New Take Note    marginal prompts provide observations that simplify or clarify 
ideas.

■■ Newly added For more helP  and 
For help getting 
started  prompts point students to 

Examples or parts of the Algebra Review appendix for additional help.

Graphing Calculator
■■ The graphing calculator screens throughout the book are now in color, based 

on the TI-84 Plus C Silver Edition, although students can still use the TI-83 
or TI-84 (regular or Plus) calculators and follow instructions provided to get 
corresponding black-and-white graphs. 

■■ References to the Internet are now given for graphing calculator programs 
from sites such as ticalc.org. The programs may be used for Riemann sums 
(page 332), trapezoidal approximation (page 418), Simpson’s rule (page 421), 
slope fields (pages 594, 596, and 614), and Euler’s method (pages 634–635).  
For Newton’s method the authors explain how the calculator may be used to 
perform the calculations directly with a few keystrokes (page 685). The graphing 
calculator programs from earlier editions are now available on the Student and 
the Instructor Companion Sites.
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User’s Guide

To get the most out of this book, familiarize yourself with the following features—
all designed to increase your understanding and mastery of the material. These 
learning aids, together with any help available through your college, should make 
your encounter with calculus both successful and enjoyable.

Applications
From archaeological finds to physics, from social issues to politics, the applications 
show that calculus is more than just manipulation of abstract symbols. Rather, it is 
a powerful tool that can be used to help understand and manage both the natural 
world and our activities in it.

Application Preview
Following each chapter opener, an Application Preview offers a “mathematics in 
your world” application. A page with further information on the topic and a related 
exercise number are often given.

Moroccan runner Hicham El 
Guerrouj, current world record 
holder for the mile run, bested 

the record set 6 years earlier by 
1.26 seconds.

Functions
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What You’ll Explore
To model how things change over time or to manage any complex enterprise, you 
will need a variety of ways to express relationships between important quantities. 
The functions introduced in this chapter will help you understand and predict 
quantities as diverse as populations, income, global energy, and even the world 
record times in the mile run. The techniques you learn in this chapter will serve as 
the basis for calculus in Chapter 2 and beyond.

1.1 Real Numbers, Inequalities, and Lines

1.2 Exponents

1.3 Functions: Linear and Quadratic

1.4 Functions: Polynomial, Rational, and Exponential

APPLIcAtIoN PREvIEW

World Record Mile Runs
The dots on the graph below show the world record times for the mile run from 
1865 to the 1999 world record of 3 minutes 43.13 seconds, set by the  Moroccan 
runner Hicham El Guerrouj. These points fall roughly along a line, called the 
regression line. In this section we will see how to use a graphing calculator to find 
a regression line (see Example 9 and Exercises 73–78), based on a method called 
least squares, whose mathematical basis will be explained in Chapter 7.

Notice that the times do not level off as you might expect but  continue to  decrease.
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World record mile runs 1865–1999

History of the Record for the Mile Run

time Year Athlete time Year Athlete time Year Athlete

4:36.5 1865 Richard Webster 4:09.2 1931 Jules Ladoumegue 3:54.1 1964 Peter Snell
4:29.0 1868 William Chinnery 4:07.6 1933 Jack Lovelock 3:53.6 1965 Michel Jazy
4:28.8 1868 Walter Gibbs 4:06.8 1934 Glenn Cunningham 3:51.3 1966 Jim Ryun
4:26.0 1874 Walter Slade 4:06.4 1937 Sydney Wooderson 3:51.1 1967 Jim Ryun
4:24.5 1875 Walter Slade 4:06.2 1942 Gunder Hägg 3:51.0 1975 Filbert Bayi
4:23.2 1880 Walter George 4:06.2 1942 Arne Andersson 3:49.4 1975 John Walker
4:21.4 1882 Walter George 4:04.6 1942 Gunder Hägg 3:49.0 1979 Sebastian Coe
4:18.4 1884 Walter George 4:02.6 1943 Arne Andersson 3:48.8 1980 Steve Ovett
4:18.2 1894 Fred Bacon 4:01.6 1944 Arne Andersson 3:48.53 1981 Sebastian Coe
4:17.0 1895 Fred Bacon 4:01.4 1945 Gunder Hägg 3:48.40 1981 Steve Ovett
4:15.6 1895 Thomas Conneff 3:59.4 1954 Roger Bannister 3:47.33 1981 Sebastian Coe
4:15.4 1911 John Paul Jones 3:58.0 1954 John Landy 3:46.31 1985 Steve Cram
4:14.4 1913 John Paul Jones 3:57.2 1957 Derek Ibbotson 3:44.39 1993 Noureddine Morceli
4:12.6 1915 Norman Taber 3:54.5 1958 Herb Elliott 3:43.13 1999 Hicham El Guerrouj
4:10.4 1923 Paavo Nurmi 3:54.4 1962 Peter Snell
Source: USA Track & Field

The equation of the regression line is  y 5 20.356x 1 257.44,  where x repres-
ents years after 1900 and y is the time in seconds. The regression line can be used 
to predict the world mile record in future years. Notice that the most recent world 
record would have been predicted quite accurately by this line, since the rightmost 
dot falls almost exactly on the line.

Diverse Applications 
Along with an emphasis on business and biomedical  
sciences, a variety of other fields are represented 
throughout the text. Applications based on contem-
porary real-world data are denoted with an icon 

14 Chapter 1 Functions

Linear Regression

Given two points, we can find a line through them, as in Example 4. However, some 
real-world situations involve many data points, which may lie  approxi mately but 
not exactly on a line. How can we find the line that, in some sense, lies closest to the 
points or best approximates the points? The most widely used technique is called linear 
regression or least squares, and its mathematical basis will be explained in Section 7.4. 
Even before studying its mathematical basis, however, we can easily find the regres-
sion line using a graphing calculator (or spreadsheet or other computer software).

PRActIcE PRoBLEM 7
Find an equation for the line through the point (9, 2) that is perpendicular to the 

line  x 2
y

3
5 2. [Hint: Use your answer to Practice Problem 6.]

  Solution on page 16 >

EXAMPLE 9 LINEAR REgRESSIoN uSINg A gRAPHINg  
cALcuLAtoR

The following graph shows the average number of "tweets" per day sent on 
Twitter in recent years.
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Source: Twitter

a. Use linear regression to fit a line to the data.

b. Interpret the slope of the line.

c. Use the regression line to predict the number of tweets per day in the  
year 2022.

Solution

a. We number the years with x-values 023, so x stands for years since 2010  
(we could choose other x-values instead). We enter the data into lists, as 
shown in the first screen below (as explained in the appendix Graphing 
Calculator Basics—Entering Data on page A3), and use ZoomStat to graph 
the data points.

 

You don't need to know about 
regression to read most of 
this book.

Take Note
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Guided Learning Support  

Annotations
To aid students’ understand-
ing of the solution steps 
within examples or to pro-
vide interpretations, blue 
annotations appear to the 
right of most mathematical 
formulas. Calculations pre-
sented within annotations 
provide explanations and 
justifications for the steps.

Be Careful 
The “Be Careful” icon marks 
places where the authors 
help students avoid common 
errors. 

Looking Ahead 
Looking Back
New in the 7e! These notes 
appear in the margins and 
show connections between 
current material and previ-
ous or future developments 
to solidify and unify under-
standing of calculus topics.
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pRAcTicE pRoBLEm 2
A printing press, originally worth $50,000, loses 20% of its value each year. 
What is its value after 4 years? Solution on page 255 >

The above graph shows that depreciation by a fixed percentage is quite different 
from “straight-line” depreciation (discussed in Exercises 65–66 on page 18). Under 
straight-line  depreciation the same dollar value is lost each year, while under fixed- 
percentage depreciation the same percentage of value is lost each year, resulting 
in larger dollar losses in the early years and smaller dollar losses in later years. 
Depreciation by a fixed percentage (also called the declining  balance method) is 
one type of accelerated depreciation. The method of depreciation that one uses 
 depends on how one chooses to estimate value, and in practice is  often  determined 
by the tax laws.

The Number e
Imagine that a bank offers 100% interest, and that you deposit $1 for 1 year. Let us 
see how the value changes under different types of compounding.

For annual compounding, your $1 would in a year grow to $2 (the original 
dollar plus a dollar interest).

For quarterly compounding, we use the compound  interest formula with  
P 5 1,  r 5 1  (for 100%),  m 5 4,  and  t 5 1:

 
1a1 

1
4
b

4 # 1

5 1(1  0.25)4 5 (1.25)4  2.44
 

P a1 
r
m
b

mt

or $2.44, an improvement of 44 cents over annual  compounding.
For daily compounding, the value after a year would be

 
a1 

1
365
b

365

 2.71 
m 5 365 periods
r
m

5
100%
365

5
1

365

an increase of 27 cents over quarterly compounding. Clearly, if the interest rate, 
the principal, and the amount of time stay the same, the value increases as the 
compounding is done more frequently.

EXAmpLE 3 DEpREciATing An AssET
A car worth $30,000 depreciates in value by 40% each year. How much is it 
worth after 3 years?

solution

The car loses 40% of its value each year, which is equivalent to an interest 
rate of negative 40%. The compound interest formula gives

30,000(1  0.40)3 5 30,000(0.60)3 5 $6480

The exponential function  f(x) 5 30,000(0.60)x,  giving the value of the car 
after x years of depreciation, is graphed on the left. Notice that a yearly loss 
of 40% means that 60% of the value is retained each year.

Using a 
calculator

P(1  rym)mt  with 
P 5 30,000, 
r 5 0.40,  m 5 1, 
and  t 5 3

2794.3  Differentiation of Logarithmic and Exponential Functions 

EXAMPLE 8  DiFFErEntiAting A LogArithMic AnD EXPonEntiAL 
Function

Find the derivative of  ln (1  ex).

Solution

 
d
dx

 ln(1  ex )     

d
dx

 (1  ex )

1  ex        ex

1  ex

Working out
the numeratorUsing ln f 5

d
dx

f9
f

be careful  Do not take the derivative of ex by the Power Rule,

d
dx

 xn  nxn1

The Power Rule applies to xn, a variable to a constant power, while ex is a constant to a 
variable power. The two types of functions are quite different, as their graphs show.

x

y

5

3210�1�2�3

4
3
2
1

The graph of x2

(a variable to a
constant power)        

x

y

5

3210�1�2�3

4
3
2
1

The graph of ex

(a constant to a
variable power)

Each type of function has its own differentiation formula.

 
d
dx

 xn  nxn1 
d

dx
 ex  ex

For a variable
x to a constant

power n

For the constant
e to a variable

power x

Functions of the form ekx (for constant k) arise in many applications. The  derivative 
of ekx is as follows:

     
d
dx

ekx  ekx ? k  kekx Using 
d
dx

 e f  e f  f 

This result is so useful that we record it as a separate formula.

Derivative of the exponent

Derivative of  ekx

           
d
dx

 ekx  kekx For any constant k
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value of your account after t years, we simply multiply the principal by  (1  0.02)  
a total of 4t times, obtaining:

n times4t times

 aValue after
t years b 5 P # (1  0.02) # (1  0.02) p (1  0.02)

5 P # (1  0.02)4t

The 8%, which gave the  0.08
4 5 0.02  quarterly rate, can be replaced by any  interest 

rate r (written in decimal form), and the 4 can be replaced by any number m of 
compounding periods per year, leading to the following general formula.

compound interest

For P dollars invested at annual interest rate r compounded m times a year for 
t years,

 
aValue after

t years b 5 P # a1 
r
m
b

mt

 
  r 5 annual rate
  m 5 periods per year
 t 5 number of years

For example, for monthly compounding we would use  m 5 12  and for daily 
compounding  m 5 365  (the number of days in the year).

On page 252 we will 
introduce a different kind of 
compound interest, where 
the compunding is done 
continuously.

EXAmpLE 1 FinDing A vALuE unDER compounD inTEREsT
Find the value of $4000 invested for 2 years at 12% compounded  quarterly.

solution

 4000 # a1 
0.12

4
b

4 # 2

5 4000(1  0.03)8 

P # a1 
r
m
b

mt

with  P 5 4000,
r 5 0.12,  m 5 4,
and  t 5 2

 5 4000 # 1.038  5067.08 Using a calculator

The value after 2 years will be $5067.08.

0.03

Be careful  Always enter the interest rate into your calculator as a decimal.

We may interpret the formula  4000(1  0.03)8  intuitively as follows: Multiplying 
the $4000 principal by  (1  0.03)  means that you keep the original amount (the 
“1”) plus some interest (the 0.03), and the exponent 8 means that this is done a total 
of 8 times.

pRAcTicE pRoBLEm 1
Find the value of $2000 invested for 3 years at 24% compounded monthly. 
 Solution on page 255 >
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EXAMPLE 3 DiFFErEntiAting A LogArithMic Function
Find the derivative of  f(x)  ln (x4  1)3.

Solution

We need the rule for differentiating the natural logarithm of a function, 
together with the Generalized Power Rule [for differentiating (x4  1)3].

 
 

d
dx

 ln (x4  1)3 

d
dx

 (x4  1)3

(x4  1)3  Using  
d
dx

 ln f 
f 

f

 
 

3(x4  1)24x3

(x4  1)3  Using the Generalized Power Rule

  
12x3

x4  1
 Dividing top and bottom by (x4  1)2

Alternative Solution It is easier if we simplify first, using Property 8 of loga-
rithms (see the inside back cover) to bring down the expo nent 3:

 ln (x4  1)3  3 ln (x4  1) Using  ln (MP)  P  ln M

Now we differentiate the simplified expression:

 
d
dx

 3 ln (x4  1)  3 
4x3

x4  1


12x3

x4  1
  Same answer as before

Moral: Changing  ln (. . .)n  to  n ln (. . .)  simplifies differentiation.

Derivatives of Exponential Functions

The rule for differentiating the exponential function e x is as follows:

Derivative of ex

d
dx 

 e  x  e  x The derivative of e  x is simply e  x

The properties of 
logarithms were stated on 
pages 262–263.

This shows the rather surprising fact that e  x is its own derivative. Stated another 
way, the function e  x is unchanged by the operation of differentiation.

This rule can be interpreted graphically: If  y  e x,  then  y  e x,  so that   
y  y.  This means that on the graph of  y  e x,  the slope y always equals 
the y-coordinate, as shown in the graph on the left. Since y and y both equal 
e x, they are always positive and the graph is always increasing and concave 
upwards.x

y

1

2

3 Slope � 3
at y � 3

Slope � 1
at y � 1

For y � ex, y� � y.

y � ex

For MorE hELP
with simplifying expressions, see  
the Algebra Review appendix, 
pages B13–B14
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Guided Learning Support  
Take Note
New in the 7/e! Appearing in the mar-
gins, these prompts include observations 
to help simplify or clarify ideas in the text.

For More Help  
For Help Getting Started
New in the 7/e! These prompts appear 
within the margins of the text and end-
of-section exercises. They direct students 
to Examples from within the text or 
parts of the Algebra Review appendix, 
as a refresher. 
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example 1 Finding a limit by tables
Use tables to find  lim

x S 3
 (2x 1 4). Limit of  2x 1 4  as x approaches 3

solution

We make two tables, as shown below, one with x approaching 3 from the left, 
and the other with x approaching 3 from the right.

Choosing x-values even closer to 3 (such as 2.9999 or 3.0001) would result 
in values of  2x 1 4  even closer to 10, so that both one-sided limits equal 10:

lim
x S 32

(2x 1 4) 5 10    and    lim
x S 31

(2x 1 4) 5 10

Since approaching 3 from either side causes  2x 1 4  to approach the same 
number, 10, we may state that the limit is 10: 

  lim
x S 3

(2x 1 4) 5 10 Limit of  2x 1 4  as x approaches 3 is 10

notation x → 3  (read: “x approaches 3”) means that x takes values  arbitrarily close 
to 3 without ever equaling 3. Given a function f(x), if x  approaching 3 causes the func-
tion to take values approaching (or equaling) some particular number, such as 10, 
then we will call 10 the limit of the function and write

 lim
x S 3  

f(x) 5 10 Limit of f(x) as x approaches 3 is 10

be Careful  x → 3  means that x takes values closer and closer to 3 but never 
equals 3.

In practice, the two simplest ways we can approach 3 are from the left or from the 
right. For example, the numbers 2.9, 2.99, 2.999, … approach 3 from the left, which 
we denote by  x → 32,  and the numbers 3.1, 3.01, 3.001, … approach 3 from the 
right, denoted by  x → 31.  Such limits are called one-sided limits.

3 3.01 3.12.992.9

(approaching 3
from the left)

(approaching 3
from the right)

 x → 3�  x → 3�

The following Example shows how to find limits from tables of values of the 
function.

Saying that the limit equals 
10 means that 10 is the only 
number that values of  
2x 1 4 get arbitrary close  
to as x approaches 3.

Take Note

  x 2x 1 4

2.9 9.8

2.99 9.98

2.999 9.998

This table shows  lim
x S 32

(2x 1 4) 5 10
–––––– >

–––––– >

f �(x)

  x 2x 1 4

3.1 10.2

3.01 10.02

3.001 10.002

This table shows  lim
x S 31

(2x 1 4) 5 10

–––––– >

–––––– >

f �(x)
A

pproaching 3 
from

 the left

L
im

it is 10

A
pproaching 3 

from
 the right

L
im

it is 10
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4.1 Exponential Functions

Introduction

Exponential and logarithmic functions are two of the most useful functions in all 
of mathematics. In this chapter we develop their properties and apply them to a 
wide  variety of problems. We begin with exponential functions, showing how they 
are used to model the processes of growth and decay.

$3.00

1970 1990 201019501930

$2.50
$2.00

$1.00
$1.50

$0.50
$0.05

$

Price of an ice cream cone
(1 scoop)  

$30,000
$

51

$15,000

$3000

Years
Depreciation of an automobile

We will also define the very important mathematical constant e.

Exponential Functions

A function that has a variable in an exponent, such as  f(x) 5 2x,  is called an  
exponential function. The number being raised to the power is called the base.

f (x) 5 2x
Exponent

Base

More formally:

The table below shows some values of the exponential function f(x) 5 2x,  and 
its graph (based on these points) is shown on the right.

x    y  2x

 3 23 5
1
8

 2 22 5
1
4

 1 21 5
1
2

 0 20 5 1
 1 21 5 2
 2 22 5 4
 3 23 5 8

  

x

y

3

9

210�1�2�3

8
7
6
5
4
3
2
1

Graph of y � 2x

f (x) � 2x has
domain � � (��, �)

and range (0, �)

For morE hElp
with negative exponents, see 
page 22.

Exponential Functions

For any number  a . 0,  the function

f(x) 5 ax

is called an exponential function with
base a and exponent (or power) x.

Brief Examples

f(x) 5 2x  has base 2

f(x) 5 11
22x

  has base 12

We first saw expo­
nential functions on page 51.
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 3.6  Section Summary

An equation in x and y may define one or more functions  y 5 f(x),  which we 
may need to differentiate. Instead of solving the equation for y, which may be dif-
ficult or impossible, we can differentiate im plicitly, differentiating both sides of the 
original equation with respect to x (writing a dyydx or y9 whenever we differenti-
ate y) and solving for the derivative dyydx. The  derivative at any point of the curve 
may then be found by substituting the  coordinates of that point.

Implicit differentiation is especially useful when several variables in an equa-
tion depend on an underlying variable, usually t for time. Differentiating the 
equation implicitly with respect to this underlying variable gives an equation in-
volving the rates of change of the original variables. Numbers may then be substi-
tuted into this “related rate equation” to find a particular rate of change.

verification of the power rule for rational powers
On page 100 we stated the Power Rule for differentiation:

d
dx

 xn 5 nxn21

Although we have proved it only for integer powers, we have been using the Power 
Rule for all constant powers n. Using implicit differentiation, we may now prove 
the Power Rule for rational powers. (Recall that a rational number is of the form 
pyq, where p and q are integers with  q Þ 0.)  Let  y 5 xn  for a rational exponent  
n 5 pyq,  and let x be a number at which xp/q is differentiable. Then

  y 5 xn 5 xpyq Since  n 5 pyq

 yq 5 xp Raising each side to the power q

  qyq 2 1 
dy

dx
 5 pxp21 

Differentiating each side  
implicitly with respect to x

  
dy

dx
5

pxp21

qyq21 Dividing each side by qyq21

5
pxp21

qQx
p
q Rq21

 5  
pxp21

qx p 2
p
q

 
Using  y 5 xpyq  and  
multiplying out the exponents 
in the denominator

Subtracting powers, simplifying, 
and replacing pyq by n (twice)x

�p
q5

p
q

p
q x

21 
5 5 nxn21

p
q

2 1 1
p
q

p212�p2

This is what we wanted to show, that the derivative of  y 5 xn  is  dyydx 5  nxn21  
for any rational exponent  n 5 pyq.  This proves the Power Rule for  rational 
exponents.

3.6  exercises

for help getting 
StarteD

with Exercises 1–28, see 
Example 4 on pages 221–222.

1220. For each equation, use  
implicit differentiation to find  
dyydx.

 1. y3 2 x2 5 4  2. y2 5 x4

 3. x3 5 y2 2 2  4. x2 1 y2 5 1

 5. y4 2 x3 5 2x  6. y2 5 4x 1 1

 7. (x 1 1)2 1 (y 1 1)2 5 18  8. xy 5 12

  9. x2y 5 8  10. x2y 1 xy2 5 4

 11. xy 2 x 5 9 12. x3 1 2xy2 1 y3 5 1

Practice and Prepare

Practice Problems
Students can check their un-
derstanding of a topic as they  
read the text or do home-
work by working out a 
Practice Problem. Complete 
solutions are found at the 
end of each section, just be-
fore the Section Summary.

5.1  Antiderivatives and Indefinite Integrals 313

Practice Problem 5
Integrate “at sight” by noticing that each integrand is of the form   nxn21 and  
integrating to  xn  without working through the Power Rule.

a. #  5x4 dx    b. #  3x2 dx Solutions on page 316 >

Algebraic Simplification of Integrals

Sometimes an integrand needs to be multiplied out or otherwise rewritten before 
it can be integrated.

eXamPle 11 eXPanding before integrating

Find  # x2(x 1 6)2 dx.

Solution

 
 #  x2(x 1 6)2 dx 5 #  x2(x2 1 12x 1 36) dx “Squaring out” 

the (x 1 6)2

(x 1 6)2

  5 #  (x4 1 12x3 1 36x2) dx Multiplying out

  5
1
5

 x5 1 12 # 1
4

 x4 1 36 # 1
3

 x3 1 C 
Integrating each 
term separately

  5
1
5

 x5 1 3x4 1 12x3 1 C Simplifying

Practice Problem 6

Find  #  
6t2 2 t

t
 dt. [Hint: First simplify the integrand.]

 Solution on page 316 >

Since differentiation turns a cost function into a marginal cost function, integration 
turns a marginal cost function back into a cost function. To evaluate the constant, 
however, we need the fixed costs.

eXamPle 12 recovering coSt from marginal coSt
A company’s marginal cost function is  MC(x) 5 61x  and the fixed cost is 
$1000. Find the cost function.

Solution

We integrate the marginal cost to find the cost function.

 C(x) 5 #  MC(x) dx 5 #  61x dx 5 6 #  x1y2 dx Integrating

  5 6 # 2
3

 x3y2 1 K 5 4x3y2 1 K 5 42x3 1 K 
From the Power Rule 
(using K to avoid  
confusion with C for cost)
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Exercises
The exercises that appear at the end of each section are graded from routine drills 
to significant applications. The Applied Exercises are labeled with general and spe-
cific titles so  instructors can assign problems appropriate for the class. Conceptual 
Exercises develop intuitive insights to solve problems quickly and simply. Explora-
tions and Excursions push students further. Just-in-time Review Exercises are found 
in selected sections. They recall skills previously learned that are relevant to  con-
tent in an upcoming section (see, for example, page 355).
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We now have four interpretations for the derivative: instantaneous rate of 
change, slope, marginals, and velocity. It has been said that science is at its best 
when it unifies, and the derivative, unifying these four different concepts, is one of 
the most important ideas in all of science. We also saw that the second derivative, 
which measures the rate of change of the rate of change, can show whether growth 
is speeding up or slowing down.

Be Careful  Remember that derivatives measure just what an automobile speedo-
meter measures: the velocity at a particular instant. Although this statement may 
be obvious for velocities, it is easy to forget when dealing with marginals. For 
example, suppose that the marginal cost for a product is $15 when 100 units have 
been produced [which may be written  C9(100) 5 15].  Therefore, costs are in-
creasing at the rate of $15 per additional unit, but only at the instant when x 5 100.  
Although this may be used to estimate future costs (about $15 for each additional 
unit), it does not mean that one additional unit will increase costs by exactly $15, 
two more by exactly $30, and so on, since the marginal rate usually changes as pro-
duction increases. A marginal cost is only an approximate predictor of future costs.

 2.5  section summary

By simply repeating the process of differentiation we can calculate second, third, 
and higher derivatives. We also have another interpretation for the  derivative, 
one that gives an interpretation for the second derivative as well. For distance 
measured along a straight line from some fixed point:

 If   s(t) 5 distance at time t

 then s9(t) 5 velocity at time t

 and s–(t) 5 acceleration at time t.

Therefore, whenever you are driving along a straight road, your speedometer gives 
the derivative of your odometer reading.

f '(x)

Velocity is the derivative of distance

f (x)
Distance

Speed

2.5  Exercises

1–6. For each function, find:

a. f 9(x)  b. f 0(x)  c. f 09(x)  d. f (4)(x)

 1. f (x) 5 x4 2 2x3 2 3x2 1 5x 2 7

 2. f (x) 5 x4 2 3x3 1 2x2 2 8x 1 4

 3. f (x) 5 1 1 x 1 1
2 x2 1 1

6 x3 1 1
24 x4 1 1

120 x5

 4. f (x) 5 1 1 x 1
1
2 x2 1

1
6 x3 1

1
24 x4

 5. f (x) 5 2x5  6. f (x) 5 2x3

7–12. For each function, find: a. f 0(x)  and b. f 0(3).

 7. f (x) 5
x 2 1

x
  8. f (x) 5

x 1 2
x

1372.5  Higher-Order Derivatives

 9. f (x) 5
x 1 1

2x
 10. f (x) 5

x 2 2
4x

 11. f (x) 5
1

6x2 12. f (x) 5
1

12x3

13–18. Find the second derivative of each function.

 13. f (x) 5 (x2 2 2)(x2 1 3)

 14. f (x) 5 (x2 2 1)(x2 1 2)

 15. f (x) 5
2713 x

 16. f (x) 5
3214 x

 17. f (x) 5
x

x 2 1
 18. f (x) 5

x
x 2 2

19–26. Evaluate each expression.

 19. 
d2

dr2 (pr2) 20. 
d3

dr3 a4
3

 pr3b

 21. 
d2

dx2 x10 `
x 5 21

 22. 
d2

dx2 x11 `
x 5 21

 23. 
d3

dx3 x10 `
x 5 21

 24. 
d 3

dx3 x11 `
x 5 21

 25. 
d 2

dx2 2x3 `
x 5 1y16

 26. 
d 2

dx2 23 x4 `
x 5 1y27

27–32. Find the second derivative of each function.

 27. (x2 2 x 1 1)(x3 2 1)

28. (x3 1 x 2 1)(x3 1 1)

 29. 
x

x2 1 1
 30. 

x
x2 2 1

 31. 
2x 2 1
2x 1 1

 32. 
3x 1 1
3x 2 1

Applied Exercises

 33. GEnErAl: Velocity After t hours a freight train is  
s(t) 5 18t2 2 2t3  miles due north of its  starting point 
(for  0 # t # 9).
a. Find its velocity at time  t 5 3  hours.
b. Find its velocity at time  t 5 7  hours.
c. Find its acceleration at time  t 5 1  hour.

 34. GEnErAl: Velocity After t hours a passenger train is  
s(t) 5 24t2 2 2t3  miles due west of its starting point 
(for  0 # t # 12).
a. Find its velocity at time  t 5 4  hours.
b. Find its velocity at time  t 5 10  hours.
c. Find its acceleration at time  t 5 1  hour.

 35. GEnErAl: Velocity A rocket can rise to a height of 
h(t) 5 t3 1 0.5t2  feet in t seconds. Find its  velocity and 
acceleration 10 seconds after it is launched.

 36. GEnErAl: Velocity After t hours a car is a distance 

s(t) 5 60t 1
100

t 1 3
  miles from its starting point. Find 

the velocity after 2 hours.

 37. GEnErAl: Impact Velocity If a steel ball is tossed from 
the top of the Burj Khalifa in Dubai, the tallest build-
ing in the world, its height above the ground t seconds 
later will be  s(t) 5 2717 2 16t2  feet (neglecting air 
resistance).
a. How long will it take to reach the ground? [Hint: 

Find when the height equals zero.]
b. Use your answer to part (a) to find the velocity with 

which it will strike the ground. (This is called the 
impact velocity.)

c. Find the acceleration at any time t. (This number is 
called the acceleration due to gravity.)

 38.  GEnErAl: Impact Velocity If a marble is dropped from 
the top of the Sears Tower in Chicago, its height 
above the ground t seconds  after it is dropped will be  
s(t) 5 1454 2 16t2  feet (neglecting air resistance).
a. How long will it take to reach the ground?
b. Use your answer to part (a) to find the velocity with 

which it will strike the ground.
c. Find the acceleration at any time t. (This number is 

called the acceleration due to gravity.)

 39. GEnErAl: Maximum Height If a bullet from a 
9-millimeter pistol is fired straight up from the 
ground, its height t seconds after it is fired will be  
s(t) 5 216t2 1 1280t  feet (neglecting air resistance)  
for  0 # t # 80.
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a. Find the velocity function.
b. Find the time t when the bullet will be at its 

maximum height. [Hint: At its maximum height the 
bullet is moving neither up nor down, and has velo-
city zero. Therefore, find the time when the velocity 
v(t) equals zero.]

c. Find the maximum height the bullet will reach.  
[Hint: Use the time found in part (b)  together 
with the height function s(t).]

 40. BioMEdiCAL: Fever The temperature of a  patient 
t hours after taking a fever reducing medicine is 
T(t) 5 98 1 8y1t  degrees  Fahrenheit. Find T(2), 
T9(2), and T0(2), and  interpret these numbers.

 41. EConoMiCs: National Debt The national debt of a 
South American country t years from now is pre-
dicted to be  D(t) 5 65 1 9t4y3  billion dollars. Find 
D9(8) and D0(8) and interpret your answers.

42. EnvironMEntAL sCiEnCE: Global Temperatures The 
burning of oil, coal, and other fossil fuels generates 
“greenhouse gasses” that trap heat and raise global 
temperatures. Although  predictions depend upon as-
sumptions of counter measures, one study predicts an 
increase in global temperature (above the 2000 level) 
of  T(t) 5 0.25t1.4  degrees Fahrenheit, where t is 
the number of decades since 2000 (so, for example, 
t 5 2  means the year 2020). Find T(10), T9(10), and 
T0(10), and interpret your answers. [Note:  Rising tem-
peratures could adversely affect weather  patterns and 
crop yields in many areas.]
Source: Intergovernmental Panel on Climate Change
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 43. EnvironMEntAL sCiEnCE: Sea Level Increasing 
global temperatures raise sea levels by thermal 
expansion and the melting of polar ice. Precise pre-
dictions are difficult, but a United  Nations study 
predicts a rise in sea level (above the 2000 level) of  
L(x) 5 0.02x3 2 0.07x2 1 8x  centimeters, where x is 

the number of decades since 2000 (so, for example,  
x 5 2  means the year 2020). Find L(10), L9(10), and 
L0(10), and interpret your answers. [Note: Rising sea 
levels could flood many islands and coastal regions.]
Source: U.N. Environment Programme

 44. BusinEss: Profit The annual profit of the  Digitronics 
company x years from now is predicted to be  
P(x) 5 5.27x0.3 2 0.463x1.52  million dollars (for  
0 # x # 8).  Evaluate the profit function and its first 
and second derivatives at  x 5 3  and interpret your 
answers. [Hint: Enter the given function in y1, define 
y2 to be the derivative of y1 (using NDERIV), and 
define y3 to be the derivative of y2. Then  evaluate each 
at the stated x-value.]

 45. gEnErAL: Windchill Index The windchill index 
(revised in 2001) for a temperature of 32  degrees 
Fahrenheit and wind speed x miles per hour is  
W(x) 5 55.628 2 22.07x 0.16.
a. Graph the windchill index on a graphing  calculator 

using the window [0, 50] by [0, 40]. Then find 
the windchill index for wind speeds of  x 5 15  
and  x 5 30  mph.

b. Notice from your graph that the windchill  index 
has first derivative negative an d  second derivative 
positive. What does this mean about how success-
ive 1-mph increases in wind speed affect the wind-
chill index?

c. Verify your answer to part (b) by defining y2 to be 
the derivative of y1 (using NDERIV), evaluating 
it at  x 5 15  and  x 5 30,  and interpreting your 
answers. 

Source: National Weather Service

 46. BioMEdiCAL: AIDS The cumulative number of cases of 
AIDS (acquired immunodeficiency syndrome) in the 
United States between 1981 and 2000 is given approx-
imately by the function

ƒ(x) 5 20.0182x4 1 0.526x3 2 1.3x2 1 1.3x 1 5.4

  in thousands of cases, where x is the number of years 
since 1980.
a. Graph this function on your graphing calculator on 

the window [1, 20] by [0, 800]. Notice that at some 
time in the 1990s the rate of growth began to slow.

b. Find when the rate of growth began to slow. [Hint: 
Find where the second derivative of ƒ(x) is zero, 
and then convert the x-value to a year.]

Source: Centers for Disease Control

Conceptual Exercises

47–50. Suppose that the quantity described is repre sented 
by a function f(t) where t stands for time. Based on the 
description:
a. Is the first derivative positive or negative?
b. Is the second derivative positive or negative?

 47. The temperature is dropping increasingly rapidly.

 48. The economy is growing, but more slowly.

 49. The stock market is declining, but less rapidly.

 50. The population is growing increasingly fast.

 51. True or False: If f(x) is a polynomial of degree n, then  
f (n11)(x) 5 0.

1392.6  The Chain Rule and the Generalized Power Rule

 52. At time  t 5 0  a helicopter takes off gently and then 
60 seconds later it lands gently. Let f(t) be its altitude 
above the ground at time t seconds.
a. Will f9(1) be positive or negative? Same  question for 

f 0(1).
b. Will f9(59) be positive or negative? Same  question 

for f 0(59).

53. gEnErAL: Velocity Each of the following three “stor-
ies,” labeled a, b, and c, matches one of the velocity 
graphs, labeled (i), (ii), and (iii). For each story, 
choose the most appropriate graph.
a. I left my home and drove to meet a friend, but I got 

stopped for a speeding ticket.  Afterward I drove on 
more slowly.

b. I started driving but then stopped to look at the 
map. Realizing that I was going the wrong way, 
I drove back the other way.

c. After driving for a while I got into some stop-
and-go driving. Once past the tie-up I could speed 
up again.

Time

Velocity
(i)

 

(ii)

Time

Velocity

 

(iii)

Time

Velocity

 54. BusinEss: Profit Each of the following three 
 descriptions of a company’s profit over time,  labeled 
a, b, and c, matches one of the graphs,  labeled (i), (ii), 
and (iii). For each description, choose the most appro-
priate graph.
a. Profits were growing increasingly rapidly.
b. Profits were declining but the rate of decline was 

slowing.
c. Profits were rising, but more and more slowly.
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Explorations and Excursions The following problems extend and augment the material presented in the text.

More About Higher-order derivatives

 55. Find  
d100

dx100 (x100 2 4x99 1 3x50 1 6).

  [Hint: You may use the “factorial” notation:  
n! 5 n(n 2 1) p 1.  For example, 3! 5 3 # 2 # 1 5 6.]

 56. Find a general formula for  
dn

dxn x21.

  [Hint: Calculate the first few derivatives and look 
for a pattern. You may use the “factorial” notation:  
n! 5 n(n 2 1) p 1.  For example, 3! 5 3 # 2 # 1 5 6.]

 57. Verify the following formula for the second derivative of 
a product, where f and g are differentiable functions of x:

  
d2

dx2 ( f # g) 5 f – # g 1 2f9 # g9 1 f # g–

[Hint: Use the Product Rule repeatedly.]

 58. Verify the following formula for the third derivative of a 
product, where f and g are differentiable functions of x:

d3

dx3 ( f # g) 5 f ‡ # g 1 3f – # g9 1 3f9 # g– 1 f # g‡

  [Hint: Differentiate the formula in Exercise 57 by the 
Product Rule.]

Introduction

In this section we will learn the last of the general rules of differentiation, the 
Chain Rule for differentiating composite functions. We will then prove a very 
useful special case of it, the Generalized Power Rule for differentiating powers of 
functions. We begin by reviewing composite functions.

2.6 the Chain rule and the generalized Power rule
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Practice and Prepare

Section Summary
Found at the end of every section, summaries briefly 
state the main ideas of the section and provide study 
tools or reminders for students

Chapter Summary
Found at the end of every chapter, the Chapter 
Summary with Hints and Suggestions review the 
important developments of the chapter and give in-
sights to unify the material to help students prepare 
for tests and exams.

Review Exercises and Chapter Test
Following the Chapter Summary are the Review 
Exercises and a Chapter Test. Selected questions 
from the Review Exercises are specially color-coded 
to indicate that they may be used as a practice 
Chapter Test. Both even and odd answers are sup-
plied in the back of the book for students to check 
their proficiency.

Cumulative Review
Cumulative Review questions appear after every 
three to four chapters, with all answers supplied in 
the back of the book.
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Solutions to Practice ProblemS

1. dy 5 2x dx.  At  x 5 3  and  dx 5 0.01,  dy 5 2 ∙ 3 ∙ (20.05) 5 20.3.

2. dy 5 [2 (3 2 1) 1 (12 1 2) (21)] ? 0.01 5 0.01

 y 5 (1.012 1 2) (3 2 1.01) 2 (12 1 2) (3 2 1) 5 6.009999 2 6 5 0.009999
 so the values of dy and y are even closer for this smaller value of dx 5 x.

3. The only difference between this problem and Example 3 is that x is now 11, 

so  23
 65 < 4 1

1
48 < 4.02083

4. Now  ¢x 5
250

1000 5 0.25 5
1
4,  so the change is  14 ? 0.2 5 0.05.  Therefore, 

the cost is C(8.25) < 5 1 0.05 5 5.05, or $5,500,000. Note that the actual cost 
C(8.25), correct to five decimal places, is 5.04975, so our estimate is very good.

 3.7  Section Summary

For an independent variable x, the differential dx is any nonzero number. For the 
dependent variable  y 5 f(x),  the differential is  dy 5 f 9(x) dx.  Values for both 
x and dx must be known before dy can be evaluated.

The best linear approximation of a differentiable function  y 5 f(x)  near x is the 
tangent line approximation given by

 f(x 1 x) ø f(x) 1 f 9(x) dx (x 5 dx)

since  y ø dy.  This approximation becomes more accurate for values of  x 5 dx   
closer to zero.

For a dependent variable y, the error y resulting from a measurement error x is 
sometimes called the absolute error, and may be approximated by the differential,  
y ø dy.  The relative error  ¢yyy < dyyy  compares the absolute error to the 
actual value, and is usually written as a percentage. Errors are sometimes called 
“changes” depending on the situation.

Marginals can be used to find approximations of revenue, cost, and profit (see  
page 234), and indicate how these quantities vary near a particular level of production.

3.7  exercises

1–6. Find the differential of each 
function and evaluate it at the 
given values of x and dx.

 1. y 5 x2 2 4x 1 5  at  x 5 3   
and  dx 5 0.25.

 2. y 5 (3x 1 1) (x3 1 x 1 1)  at  x 5 1  and  dx 5 0.01.

 3. y 5
x 1 1
x 2 1

  at  x 5 2  and  dx 5 20.15.

 4. y 5 (x 1 1x 2 1)3  at  x 5 1  and  dx 5 0.2.

 5. y 5
x 1 3
x2 1 1

  at  x 5 2  and  dx 5 0.25.

 6. y 5
x2x 1 3

  at  x 5 6  and  dx 5 0.5.

7–12. Find and compare the 
values of dy and y for each 
function at the given values of  
x and dx 5 x.

 7. y 5 x3 1 x2 1 3  at  x 5 1  and  dx 5 x 5 20.05.

 8. y 5 (x 1 3) (x2 2x 1 1)  at  x 5 21  and   
dx 5 x 5 0.1.

 9. y 5
x 1 5
x 1 1

  at  x 5 3  and  dx 5 x 5 0.4.

10. y 5 a2x 1 2 2
1
x
b

2

  at  x 5 2  and  dx 5 x 5 0.1.

11. y 5
3x 1 5
x2 1 1

  at  x 5 1 and  dx 5x 5 0.2.

For helP getting 
Started

with Exercises 1–6, see  
Example 1 on page 231.

For helP getting 
Started

with Exercises 7–12, see 
Example 2 on pages 231–232.
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2 Chapter Summary with Hints and Suggestions

Reading the text and doing the exercises in this chapter have helped you to master the following concepts and skills, which are listed by section (in case you need to 
review them) and are keyed to particular Review Exercises. Answers for all  Review Exercises are given at the back of the book, and full solutions can be found in the 
Student Solutions Manual.

2.1 Limits and Continuity
●● Find the limit of a function from tables.  

(Review Exercises 1–2.)

●● Find left and right limits.  (Review Exercises 3–4.)

●● Find the limit of a function.  (Review Exercises 5–14.)

●● Determine whether a function is continuous or dis-
continuous.  (Review Exercises 15–22.)

2.2 Rates of Change, Slopes, and Derivatives
●● Find the derivative of a function from the definition of 

the derivative.  (Review Exercises 23–26.)

f 9(x) 5 lim
h S 0

 
f (x 1 h) 2 f (x)

h

x

f(x � h)

x � h
x

y

f(x)

h

 (x, f(x))

tangent
line at
(x, f(x))

 (x � h, f(x � h))

curve y � f(x)
secant line

2.3 Some Differentiation Formulas
●● Find the derivative of a function using the rules of dif-

ferentiation.  (Review Exercises 27–32.)

 

d
dx

 c 5 0 
d
dx

 x n 5 nxn21

d
dx

 (c # f ) 5 c # f 9      
d
dx

 ( f 6 g) 5 f 9 6 g9

●● Find the tangent line to a curve at a given point.  
(Review Exercise 33.)

●● Calculate and interpret a company’s marginal cost.   
(Review Exercise 34.)

MC(x) 5 C9(x)     MR(x) 5 R9(x)     MP(x) 5 P9(x)

●● Find and interpret the derivative of a learning curve.   
(Review Exercise 35.)

●● Find and interpret the derivative of an area or volume 
formula.  (Review Exercises 36–37.)

2.4 The Product and Quotient Rules
●● Find the derivative of a function using the Product 

Rule or Quotient Rule.  (Review Exercises 38–48.)

 
d

 dx
 ( f # g) 5 f 9 # g 1 f # g9

 
d
dx

 a f

g
b 5

g # f 9 2 g9 # f

g2

●● Find the tangent line to a curve at a given point.  
(Review Exercise 49.)

●● Use differentiation to solve an applied problem and 
interpret the answer.  (Review Exercises 50–52.)

MAC(x) 5
C(x)

x

MAR(x) 5
R(x)

x

MAP(x) 5
P(x)

x

2.5 Higher-Order Derivatives
●● Calculate the second derivative of a function.   

(Review Exercises 53–62.)

●● Find and interpret the first and second derivatives in 
an applied problem.  (Review Exercise 63.)

●● Find the velocity and acceleration of a rocket.   
(Review Exercise 64.)

v(t) 5 s9(t)         a(t) 5 v9(t) 5 s–(t)

●● Find the maximum height of a projectile.   
(Review Exercise 65.)

157 Review Exercises and Chapter Test 

2.6 the Chain rule and the generalized Power 
rule

 ● Find the derivative of a function using the 
 Generalized Power Rule.   (Review Exercises 66–75.)

 
d
dx

 f n 5 n # f n21 # f 9 

  
d
dx

 f (g(x)) 5 f 9(g(x)) # g9(x)

 
dy

dx
5

dy

du
# du
dx

 ● Find the derivative of a function using two differenti-
ation rules.  (Review Exercises 76–87.)

 ● Find the tangent line to a curve at a given point. 
(Review Exercise 88.)

 ● Find the second derivative of a function using the 
Generalized Power Rule.   (Review Exercises 89–92.)

 ● Find the derivative of a function in several different 
ways.  (Review Exercises 93–94.)

 ● Use the Generalized Power Rule to find the  derivative 
in an applied problem and interpret the  answer.   
(Review Exercises 95–96.)

 ● Compare the profit from one unit to the marginal 
profit found by differentiation.   (Review Exercise 97.)

 ● Find where the marginal profit equals a given 
 number.  (Review Exercise 98.)

 ● Use the Generalized Power Rule to solve an applied 
problem and interpret the answer.   
(Review Exercises 99–100.)

2.7 Nondifferentiable Functions
 ● See from a graph where the derivative is undefined. 

(Review Exercises 101–104.)

f 9 is undefined at •
corner points
vertical tangents
discontinuities

 ● Prove that a function is not differentiable 
at a given value.  (Review Exercises 105–106.)

hints and Suggestions
 ● (Overview) This chapter introduced one of the most 

important concepts in all of calculus, the derivative. First 
we defined it (using limits), then we developed several 
“rules of differentiation” to simplify its calculation.

 ● Remember the four interpretations of the  derivative—
slopes, instantaneous rates of change, marginals, and 
velocities.

 ● The second derivative gives the rate of change of the 
rate of change, and acceleration.

 ● Graphing calculators help to find limits, graph curves 
and their tangent lines, and calculate derivatives (using 
NDERIV) and second derivatives (using NDERIV twice). 
NDERIV, however, provides only an approximation to the 
derivative, and therefore sometimes gives a misleading 
result.

 ● The units of the derivative are important in applied 
problems. For example, if f (x) gives the temperature in 
degrees at time x hours, then the derivative f 9(x) is in 
degrees per hour. In general, the units of the derivative 
f 9(x) are “f-units” per “x-unit.”

2 review Exercises and Chapter test  indicates a Chapter Test exercise.

2.1 Limits and Continuity

1–2. Complete the tables and use them to find each limit 
(or state that it does not exist). Round  calculations to three 
decimal places.

 1 a.  lim
x S 22

(4x 1 2)

  b.  lim
x S 21

(4x 1 2)

c.   lim
x S 2

(4x 1 2)

 2 a. lim
x S 02

 
2x 1 1 2 1

x

  b. lim
x S 01

 
2x 1 1 2 1

x

  c. lim
x S 0

 
2x 1 1 2 1

x

 x 4x 1 2
2.1
2.01
2.001

 x 4x 1 2
1.9
1.99
1.999

x     2x 1 1 2 1
x

0.1
0.01
0.001

x    2x 1 1 2 1
x

20.1
20.01
20.001

243  Cumulative Review for Chapters 1–3

67. general: Geometry The side of a cube is measured 
to be 10 inches, with an error of 60.01 inch. Find the 
error and the relative error in the claim that the sur-
face area of the cube is 600 square inches.

68. BuSineSS: Cost Approximation For the cost function

C(x) 5 13523   2x 1 3

  where C is in dollars and x is the number produced in 
thousands, use C(12) and MC(12) to approximate the 
cost of producing 11,600 items. Interpret the marginal 
cost value.

1–3 cumulative review for chapters 1–3

The following exercises review some of the basic techniques that you learned in Chapters 123. Answers to all of these cumulative review exercises are given 
in the answer section at the back of the book.

 1. Find an equation for the line through the points 
(24, 3) and (6, 22). Write your answer in the form  
y 5 mx 1 b.

 2. Simplify ( 4
25)21y2.

 3. Find, correct to three decimal places: lim
x S 0

 (1 1 3x)1yx.

 4. For the function f(x) 5 e4x 2 8 if   x , 3
7 2 2x if   x $ 3

a. Draw its graph.

b. Find lim
x S 32

f(x).

c. Find lim
x S 31

f(x).

d. Find lim
x S 3

f(x).

e.  Is f(x) continuous or discontinuous, and if it is  
discontinuous, where?

 5. Use the definition of the derivative,  f 9(x) 5 

lim
h S 0

 
f(x 1 h) 2 f(x)

h
,  to find the derivative of 

   f(x) 5 2x2 2 5x 1 7.

 6. Find the derivative of f(x) 5 82x3 2
3
x2 1 5.

 7. Find the derivative of f (x) 5 (x5 2 2)(x4 1 2).

 8. Find the derivative of f (x) 5
2x 2 5
3x 2 2

.

 9. Find the equation for the tangent line to the curve 

 y 5 1x 2
16
x2   at  x 5 4.

 10. The population of a city x years from now is pre-
dicted to be  P(x) 5 3600x2y3 1 250,000  people. Find 
P9(8) and P 0(8) and interpret your answers.

 11. Find  
d
dx

 22x2 2 5  and write your answer in  

radical form.

 12. Find  
d
dx

 [(3x 1 1)4(4x 1 1)3].

 13. Find  
d
dx

 ax 2 2
x 1 2

b
3

  and simplify your answer.

 14. Find the equation for the tangent line to the curve 

 y 5
4(x 1 3)2x2 1 3

  at  x 5 21.

 15. Make sign diagrams for the first and second 
 derivatives and draw the graph of the function 
f(x) 5 x3 2 12x2 2 60x 1 400.  Show on your graph all 
relative extreme points and inflection points.

 16. Make sign diagrams for the first and second 
 derivatives and draw the graph of the function   
f (x) 5 23 x2 2 1.  Show on your graph all relative  
extreme points and inflection points.

 17. A homeowner wishes to use 600 feet of fence to en-
close two identical adjacent pens, as in the diagram 
below. Find the largest total area that can be enclosed.

 18. A store can sell 12 telephone answering  machines 
per day at a price of $200 each.  The manager estimates 
that for each $10 price reduction she can sell 2 more 
per day. The  answering machines cost the store $80 
each. Find the price and the quantity sold per day 
to maximize the company9s profit.

 19. For y defined implicitly by 

x3 1 9xy2 1 3y 5 43  

  find 
dy

dx
 and evaluate it at the point (1, 2).

 20. A large spherical balloon is being inflated at the rate 
of 32 cubic feet per minute. Find how fast the radius is 
increasing at the moment when the  radius is 2 feet.

21. Find and compare the values of dy and Dy for 

y 5 2x3 1 6x 2 11  at  x 5 2  and  dx 5 Dx 5 −0.04.

22. If a stone dropped into an abandoned mine shaft hits 
the bottom in t seconds, the depth of the shaft is 

D(t) 5 16t2

  feet. For a time of 2.5 seconds with an error of 
60.1 second, find the error and the relative error  
in the claim that the mine shaft is 100 feet deep.
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Technology
OPTIONAL!   Using this book does not require a graphing calculator, but hav-
ing one will enable you to do many problems more easily and as the same time 
deepen your understanding by allowing you to concentrate on concepts. The dis-
plays shown in the text are from the Texas Instruments TI-84 Plus C Silver Edition, 
except for a few from the TI-89, but any graphing calculator or computer may be 
used instead. For those who do not have a graphing calculator, the Explorations 
have been designed to be read for enrichment.

Similarly, if you have access to a computer, you may wish to do some of the Spread-
sheet Explorations.

Graphing Calculator Explorations  
To allow for optional use of the graphing calculator, 
these Explorations are boxed. Most can also be read 
simply for enrichment. Exercises and examples that 
are designed to be done with a graphing calculator 
are marked with an icon.

Modeling
Selected application exercises feature regression 
capabilities of graphing calculators to fit curves to 
actual data. 

Spreadsheet Explorations
Boxed for optional use, these explorations will enhance students’ understanding 
of the material using Excel for those who prefer spreadsheet technology. See “Inte-
grating Excel” on the next page for a list of exercises that can be done with Excel.
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Be Careful  All differentiable functions are continuous (see page 122), but not all 
continuous functions are differentiable—for example,  f(x) 5 0 x 0 .  These facts are 
shown in the following diagram.

Differentiable
functions

Continuous
functions

f(x) � �x�

Spreadsheet 
Exploration

Another function that is not differentiable is f(x) 5 x2y3.  The following spread-

sheet* calculates values of the difference quotient  
f (x 1 h) 2 f (x)

h
  at  x 5 0  for 

this function. Since  f(0) 5 0,  the difference quotient at  x 5 0  simplifies to:

f (x 1 h) 2 f (x)
h

5
f (0 1 h) 2  f (0)

h
5

f (h)
h

5
h2y3

h
5 h21y3

For example, cell B5 evaluates h21y3 at  h 5 1
1000  obtaining  ( 1

1000)21/3 5 10001y3 5 23 1000 5 10.  Column B evaluates this different quotient for the positive values of 
h in column A, while column E evaluates it for the corresponding negative values 
of h in column D.

becoming large becoming small

h

A B C D E

(f(0+h)-f(0))/h (f(0+h)-f(0))/h

B5

1.0000000 -1.0000000 -1.0000000

-2.1544347

-4.6415888

-10.0000000

-21.5443469

-46.4158883

-100.0000000

-215.4434690

h

=A5^(-1/3)

-0.1000000

-0.0100000

-0.0010000

-0.0001000

-0.0000100

-0.0000010

-0.0000001

1.0000000

2.1544347

4.6415888

0.1000000

0.0100000

0.0010000 10.0000000

21.5443469

46.4158883

100.0000000

215.4434690

0.0001000

0.0000100

0.0000010

0.0000001

1

2

3

4

5

6

7

8

9

Notice that the values in column B are becoming arbitrarily large, while the values 
in column E are becoming arbitrarily small, so the difference quotient does not 
 approach a limit as  h S 0.  This shows that the derivative of  f(x) 5 x 2y3  at 0 
does not exist, so the function  f(x) 5 x 2y3  is not differentiable at  x 5 0.

Solution to PraCtiCE ProBlEm

 x 5 23,  x 5 0,  and  x 5 2

*To obtain this and other Spreadsheet Explorations, go to www.cengagebrain.com, search for this text-
book and then scroll down to access the “free materials” tab.
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EXAMPLE 5 MAXiMizing tAX rEvEnuE
Economists estimate that the relationship between the tax rate t on an item 
and the total sales S of that item (in millions of dollars) is

 S(t) 5 9 2 201t For  0 #  t # 0.20

Find the tax rate that maximizes revenue to the government.

solution

The government’s revenue R is the tax rate t times the total sales  S(t) 5 9 2 201t:

R(t) 5 t • (9 2 20t1/2) 5 9t 2 20t3y2

S(t)

To maximize this function, we set its derivative equal to zero:

  9 2  30t1y2 5 0 Derivative of  9t 2 20t3y2 

  9 5 30t1y2 Adding 30t1/2 to each side

  t1y2 5
9
30

5 0.3 Switching sides and
dividing by 30

  t 5 0.09 Squaring both sides

This gives a tax rate of  t 5 9%. The second derivative,

 R–(t) 5  230 # 1
2

 t21y2 5  2
151t

 From   R9 5 9 2 30t1y2

is negative at  t 5 0.09,  showing that the revenue is maximized. Therefore,

A tax rate of 9% maximizes revenue for the government.

Revenue
($ millions)

Tax rate

t
0.200.10

0.27

R

graphing 
calculator 
Exploration

The graph of the function from Example 5,  y1 5 9x 2 20x3y2  (written in x 
instead of t for ease of entry), is shown on the left on the standard window 
[210, 10] by [210, 10]. This might lead you to believe, erroneously, that the func-
tion is maximized at the endpoint (0, 0).
a. Why does this graph not look like the graph at the end of the previous 

 example? [Hint: Look at the scale.]
b.  Can you find a window on which your graphing calculator will show a graph 

like the one at the end of the preceding solution?
This example illustrates one of the pitfalls of graphing calculators—the part of 
the curve where the “action” takes place may be entirely hidden in one pixel. 
Calculus, on the other hand, will always find the critical value, no matter where 
it is, and then a graphing calculator can be used to confirm your answer by 
showing the graph on an appropriate window.

on [�10, 10] by [�10, 10]

solution tO PrActicE PrObLEM

Price:  p(x) 5 3000 2 200x

Quantity:  q(x) 5 1500 1 300x
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91.  Can the graph of a function have more than one 
x-intercept? Can it have more than one y-intercept?

92. If a linear function is such that f(2) 5 5 and 
f(3) 5 7, then f(4) 5 ?  [Hint: No work  necessary.]

93. If a linear function is such that f(4) 5 7 and  
f(6) 5 11, then f(5) 5 ?  [Hint: No work  necessary.]

 94. The Apocryphal Manufacturing Company makes  
widgets out of blivets. If a linear function f(x) 5 mx 1 b  
gives the number of widgets that can be made from 
x blivets, what are the units of the slope m (widgets per 
blivet or blivets per widget)?

 95. In a linear function f(x) 5 mx 1 b, the slope m has 
units blargs per prendle. What are the units of x? What 

conceptual exercises

are the units of y? [Hint: One is in blargs and the other 
is in prendles, but which is which?]

 96. For the quadratic function f(x) 5 ax2 1 bx 1 c, what con-
dition on one of the coefficients will guarantee that the 
function has a highest value? A lowest value?

 97. We have discussed quadratic functions that open up 
or open down. Can a quadratic function open side-
ways? Explain.

98.  Explain why, if a quadratic function has two 
x-intercepts, the x-coordinate of the vertex will be 
halfway between them.

90. buSineSS: Movie Prices National average theater  
admissions prices for recent decades are shows in the 
following graph.

M
ov

ie
 P

ri
ce

 ($
)

0.78
1.55

2.69
4.22

5.39

7.85

1960 1970 1980 1990 2000 2010

8

4

2

Year

6

a. Number the bars with x-values 1–6 (so that x stands 
for decades since 1950) and use quadratic regression 
to fit a parabola to the data. State the regression 
function. [Hint: See Example 10.]

b. Use the regression function to predict movie prices in 
the years 2020 and 2030.

Source: Entertainment weekly

1.4 Functions: Polynomial, rational, and exponential

Introduction

In this section we will define other useful types of functions, including polynomial, 
rational, exponential, and logarithmic functions, although the latter two types 
will be discussed more extensively in Sections 4.1 and 4.2. We will also define an  
important operation, the composition of functions.

Polynomial Functions

A polynomial function (or simply a polynomial) is a function that can be written 
in the form

f(x) 5 anxn 1 an21xn21 1 p 1 a2x2 1 a1x 1 a0

where n is a nonnegative integer and a0, a1, … , an are (real) numbers, called coeffi-
cients. The domain of a polynomial is R, the set of all (real) numbers. The degree of 
a polynomial is the highest power of the variable. The following are polynomials.

f(x) 5 2x8 2 3x7 1 4x5 2 5 A polynomial of degree 8 (since
the highest power of x is 8)

f(x) 5 24x2 2
1
3 x 1 19 A polynomial of degree 2

(a quadratic function)
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Integrating Excel
If you would like to use Excel or another spreadsheet software when working the 
exercises in this text, refer to the chart below. It lists exercises from many sections 
that you might find instructive to do with spreadsheet technology. If you would like 
help using Excel, please consider the Excel Guide available via CengageBrain.com.

Suggested Suggested

Section Exercises Section Exercises

1.1

1.2

1.3

1.4

2.1

2.2

2.3

2.4

2.5

2.6

2.7

3.1

3.2

3.3

3.4

3.5

3.6

3.7

4.1

4.2

4.3

4.4

5.1

5.2

5.3

5.4

5.5

5.6

59–78

103–110

69–82, 84–90

79–92

77–78, 81–82

9–16

47–50

61–64

45–46

65, 69

11–12

68–71, 85

61–64

23–40, 52–54

23–24

20

69–70

23–26

11–12, 47–51

31–50

97–99

38–39

41–42

45–46, 55–58

13–18, 83–88

32, 35–36, 61, 69

31–32

77–78

6.1

6.2

6.3

6.4

7.1

7.2

7.3

7.4

7.5

7.6

7.7

8.1

8.2

8.3

8.4

8.5

9.1

9.2

9.3

9.4

10.1

10.2

10.3

10.4

11.1

11.2

11.3

11.4

60–64

65, 66, 68

41–42

9–18, 27–37

29–30, 38– 42

47–48, 53–56

29–32

13–18, 27–32

29–36

31–32, 35–36

41–42

9–20

36–41

73–80

49–54

13–16, 20–26

71

54

36–38, 41–48

11–24, 27–30

49–59

9–12, 21–22

35–36

11–24, 33–38

17–18, 29–36

37–41

23
21–26
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SUPPLEMENTS 

For the Student For the Instructor

Student Solutions Manual  
ISBN: 978-1-305-10795-3 This manual 
contains fully worked-out solutions 
to all of the odd-numbered exercises 
in the text, giving students a way to 
check their answers and ensure that 
they took the correct steps to arrive 
at an answer.

Complete Solutions Manual  
This manual contains solutions to 
all exercises from the text including 
Chapter Review Exercises and  
Cumulative Reviews. It also con-
tains two chapter-level tests for each 
chapter, one short-answer and one 
multiple choice, along with answers 
to each. This manual can be found on 
the Instructor Companion Site.

CengageBrain.com
To access additional course materials, 
please visit www.cengagebrain.com. 
At the CengageBrain.com home page, 
search for the ISBN (from the back 
cover of your book) of your title using 
the search box at the top of the page. 
This will take you to the product page 
where these resources can be found.

Instructor Companion Site 
Everything you need for your 
course in one place! This collection 
of book-specific lecture and 
class tools is available online via 
www.cengage.com/login. Access and 
download PowerPoint® presentations, 
images, solutions manual, and more.

Enhanced WebAssign®

Instant Access Code: 978-1-285-85761-9
Printed Access Card: 978-1-285-85758-9
Enhanced WebAssign combines 
exceptional mathematics content with 
the most powerful online homework 
solution, WebAssign. It now includes 
QuickPrep content to review key 
precalculus content, available as a 
CoursePack of prebuilt assignments to 
assign at the beginning of the course 
or where needed most. Enhanced 
WebAssign engages students with 
immediate feedback, rich tutorial 
content, and an interactive, fully 
customizable eBook, the Cengage 
YouBook, helping students to develop 
a deeper conceptual understanding of 
their subject matter.

Enhanced WebAssign®

Instant Access Code: 978-1-285-85761-9
Printed Access Card: 978-1-285-85758-9
Enhanced WebAssign combines 
exceptional mathematics content 
with the most powerful online 
homework solution, WebAssign. It now 
includes QuickPrep content to review 
key precalculus content, available as a 
CoursePack of prebuilt assignments to 
assign at the beginning of the course or 
where needed most. Enhanced 
WebAssign engages students with 
immediate feedback, rich tutorial 
content, and an interactive, fully 
customizable eBook, the Cengage 
YouBook, helping students to 
develop a deeper conceptual under
standing of their subject matter. Visit 
www.cengage.com/ewa to learn more.

Cengage Learning Testing Powered 
by Cognero®

Instant Access Code:  978-1-305-11229-2
Cognero is a flexible, online system 
that allows you to author, edit, and 
manage test bank content, create 
multiple test versions in an instant, 
and deliver tests from your LMS, 
your classroom or wherever you 
want. This is available online via 
www.cengage.com/login.
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DIAGNOSTIC TEST
Are you ready to study calculus?

Algebra is the language in which we express the ideas of calculus. Therefore, to 
understand calculus and express its ideas with precision, you need to know some 
algebra.

If you are comfortable with the algebra covered in the following problems, you are 
ready to begin your study of calculus. If not, turn to the Algebra Review appendix be-
ginning on page B1 and review the Complete Solutions to these problems, and continue 
reading the other parts of the Appendix that cover anything that you do not know.

Problems� Answers

1.  True or False?   12 , 23�

False

2.  Express   {x|2 4 , x # 5}   in interval notation.�

(24, 5]

3.  What is the slope of the line through the points (6, 27) and (9, 8)?�

5

4.  On the line   y 5 3x 1 4,   what value of Dy corresponds to Dx 5 2?�

6

5.  Which sketch shows the graph of the line   y 5 2x 2 1?�

a

a b c d

6.  True of False?   a2x
y
b

22

5
y2

x
�

True

7.  Find the zeros of the function   f(x) 5 9x2 2 6x 21.�

x5
1622

3

8.  Expand and simplify   x (8 2 x) 2 (3x 1 7).�

2x215x27

9.  What is the domain of   f (x) 5
x2 2 3x 1 2
x3 1 x2 2 6x

?� 5x 0 xÞ23, xÞ0, xÞ26

10.  Find the difference quotient   
f (x 1 h) 2 f (x)

h
   for   f(x) 5 x2 2 5x.�

2x251h
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Moroccan runner Hicham El 
Guerrouj, current world record 
holder for the mile run, bested 

the record set 6 years earlier by 
1.26 seconds.
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What You’ll Explore
To model how things change over time or to manage any complex enterprise, you 
will need a variety of ways to express relationships between important quantities. 
The functions introduced in this chapter will help you understand and predict 
quantities as diverse as populations, income, global energy, and even the world 
record times in the mile run. The techniques you learn in this chapter will serve as 
the basis for calculus in Chapter 2 and beyond.

1.1	 Real Numbers, Inequalities, and Lines

1.2	 Exponents

1.3	 Functions: Linear and Quadratic

1.4	 Functions: Polynomial, Rational, and Exponential
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Application Preview

World Record Mile Runs
The dots on the graph below show the world record times for the mile run from 
1865 to the 1999 world record of 3 minutes 43.13 seconds, set by the Moroccan 
runner Hicham El Guerrouj. These points fall roughly along a line, called the 
regression line. In this section we will see how to use a graphing calculator to find 
a regression line (see Example 9 and Exercises 73–78), based on a method called 
least squares, whose mathematical basis will be explained in Chapter 7.

Notice that the times do not level off as you might expect but continue to decrease.

1860 1880 1900 1920 1940 1960 1980 2000 2020
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regression line

World record mile runs 1865–1999

History of the Record for the Mile Run

Time Year Athlete Time Year Athlete Time Year Athlete

4:36.5 1865 Richard Webster 4:09.2 1931 Jules Ladoumegue 3:54.1 1964 Peter Snell
4:29.0 1868 William Chinnery 4:07.6 1933 Jack Lovelock 3:53.6 1965 Michel Jazy
4:28.8 1868 Walter Gibbs 4:06.8 1934 Glenn Cunningham 3:51.3 1966 Jim Ryun
4:26.0 1874 Walter Slade 4:06.4 1937 Sydney Wooderson 3:51.1 1967 Jim Ryun
4:24.5 1875 Walter Slade 4:06.2 1942 Gunder Hägg 3:51.0 1975 Filbert Bayi
4:23.2 1880 Walter George 4:06.2 1942 Arne Andersson 3:49.4 1975 John Walker
4:21.4 1882 Walter George 4:04.6 1942 Gunder Hägg 3:49.0 1979 Sebastian Coe
4:18.4 1884 Walter George 4:02.6 1943 Arne Andersson 3:48.8 1980 Steve Ovett
4:18.2 1894 Fred Bacon 4:01.6 1944 Arne Andersson 3:48.53 1981 Sebastian Coe
4:17.0 1895 Fred Bacon 4:01.4 1945 Gunder Hägg 3:48.40 1981 Steve Ovett
4:15.6 1895 Thomas Conneff 3:59.4 1954 Roger Bannister 3:47.33 1981 Sebastian Coe
4:15.4 1911 John Paul Jones 3:58.0 1954 John Landy 3:46.31 1985 Steve Cram
4:14.4 1913 John Paul Jones 3:57.2 1957 Derek Ibbotson 3:44.39 1993 Noureddine Morceli
4:12.6 1915 Norman Taber 3:54.5 1958 Herb Elliott 3:43.13 1999 Hicham El Guerrouj
4:10.4 1923 Paavo Nurmi 3:54.4 1962 Peter Snell
Source: USA Track & Field

The equation of the regression line is   y 5 20.356x 1 257.44,   where x repres-
ents years after 1900 and y is the time in seconds. The regression line can be used 
to predict the world mile record in future years. Notice that the most recent world 
record would have been predicted quite accurately by this line, since the rightmost 
dot falls almost exactly on the line.
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4	 Chapter 1	 Functions

Linear trends, however, must not be extended too far. The downward slope of 
this line means that it will eventually “predict” mile runs in a fraction of a second, 
or even in negative time (see Exercises 59 and 60 on pages 17–18). Moral: In the real 
world, linear trends do not continue indefinitely. This and other topics in “linear” 
mathematics will be developed in Section 1.1.

1.1	 Real Numbers, Inequalities, and Lines

Introduction

Quite simply, calculus is the study of rates of change. We will use calculus to analyze 
rates of inflation, rates of learning, rates of population growth, and rates of natural 
resource consumption.

In this first section we will study linear relationships between two variable 
quantities—that is, relationships that can be represented by lines. In later sections 
we will study nonlinear relationships, which can be represented by curves.

Real Numbers and Inequalities

In this book the word “number” means real number, a number that can be repres-
ented by a point on the number line (also called the real line).

1�1 2 3 4�2�3 0

2 � 1.414...
1
 � 0.333...

3
  �

9
 � �2.25

4
   � 3.14...

The order of the real numbers is expressed by inequalities. For example,   a , b  
means “a is to the left of b” or, equivalently, “b is to the right of a.”

Important Note Throughout this book are many Practice Problems—
short questions designed to check your understanding of a topic before 
moving on to new material. Full solutions are given at the end of the section. 
Solve the following Practice Problem and then check your answer.

The inequalities   a , b   and   a . b   are called strict inequalities, and   a # b   and 
a $ b   are called nonstrict inequalities.

Inequalities

Inequality In Words Brief Examples
a , b a is less than (smaller than) b 3 , 5
a # b a is less than or equal to b 25 # 23
a . b a is greater than (larger than) b p . 3
a $ b a is greater than or equal to b 2 $ 2

Practice Problem 1

Which number is smaller: 
1

100
 or 2 1,000,000?� Solution on page 15 >
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Multiplying or dividing both sides of an inequality by a negative number reverses 
the direction of the inequality:

	 23 , 2        but        3 . 22	 Multiplying by 21

A double inequality, such as   a , x , b,   means that both the inequalities   a , x  and  
x , b   hold. The inequality   a , x , b   can be interpreted graphically as “x is 
between a and b.”

	 x ba  	 a , x , b

Sets and Intervals

Braces  { }  are read “the set of all” and a vertical bar  u  is read “such that.”

EXAMPLE 1	 Interpreting Sets

a.	 { x | x . 3 }   means “the set of all x such that x is greater than 3.”

b.	 { x | 22 , x , 5 }   means “the set of all x such that x is between 22 and 5.”

Such that

The set of all

Practice Problem 2
a.	 Write in set notation “the set of all x such that x is greater than or equal to 27.”
b.	 Express in words:  5 x 0  x , 21 6.� Solution on page 15  >

The set   5 x 0  2 # x # 5 6   can be expressed in interval notation by enclos-
ing the endpoints 2 and 5 in square brackets, [2, 5], to indicate that the endpoints 
are included. The set   5 x 0  2 , x , 5 6   can be written with parentheses, (2, 5), to 
indicate that the endpoints 2 and 5 are excluded. An interval is closed if it includes 
both endpoints, and open if it includes neither endpoint. The four types of intervals 
are shown below: a solid dot d on the graph indicates that the point is included in 
the interval; a hollow dot ° indicates that the point is excluded.

An interval may extend infinitely far to the right (indicated by the symbol ` for in-
finity) or infinitely far to the left (indicated by 2 ` for negative infinity). Note that ` 
and 2 ` are not numbers but are merely symbols to indicate that the interval extends 

Sets and intervals 
will be important on page 33 
when we define domains of 
functions.

Finite Intervals

Interval Notation Set Notation Graph Type Brief Examples

[a, b] 5 x 0  a # x # b 6
a b

Closed 
(includes endpoints)

[22, 5]   
�2 5

(a, b) 5 x 0  a , x , b 6
a b

Open 
(excludes endpoints)

(22, 5)   
�2 5

[a, b) 5 x 0  a # x , b 6
a b

Half-open 
or 

half-closed

[22, 5)   
�2 5

(a, b] 5 x 0  a , x # b 6
a b

(22, 5]   
�2 5
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6	 Chapter 1	 Functions

endlessly in that direction. The infinite intervals in the following box are said to be 
closed or open depending on whether they include or exclude their single endpoint.

Infinite Intervals

Interval Notation Set Notation Graph Type Brief Examples

[a, `) 5 x 0  x $ a 6
a

Closed [3, `) 
3

(a, `) 5 x 0  x . a 6
a

Open (3, `) 
3

(2`, a] 5 x 0  x # a 6
a

Closed

Open

(2`, 5]  5

(2`, a) 5 x 0  x , a 6
a

(2`, 5) 
5

We use parentheses rather than square brackets with ` and 2 ` since they are not 
actual numbers.

The interval (2 `,  `) extends infinitely far in both directions (meaning the 
entire real line) and is also denoted by R (the set of all real numbers).

Cartesian Plane

Two real lines or axes, one horizontal and one vertical, intersecting at their zero 
points, define the Cartesian plane.* The point where they meet is called the origin. 
The axes divide the plane into four quadrants, I through IV, as shown below.

Any point in the Cartesian plane can be specified uniquely by an ordered pair 
of numbers (x,  y); x, called the abscissa or x-coordinate, is the number on the 
horizontal axis corresponding to the point; y, called the ordinate or y-coordinate, 
is the number on the vertical axis corresponding to the point.

(x, y)

x

y

Quadrant IQuadrant II

Quadrant IVQuadrant III

origin

abscissa
ordinate

The Cartesian plane

x

y

1

(�2, 3)

(�3, �3)

(3, �2)

(1, 2)

(2, 1)

2 3
x

y

�1�2�3

1

2

3

�1

�2

�3

The Cartesian plane with several points.
Order matters: (1, 2) is not the same as (2, 1)

Lines and Slopes

The symbol D (read “delta,” the Greek letter D) means “the change in.” For any 
two points (x 1, y1) and (x2, y2) we define

*So named because it was originated by the French philosopher and mathematician René Descartes 
(1596–1650). Following the custom of the day, Descartes signed his scholarly papers with his Latin 
name Cartesius, hence “Cartesian” plane.

R 5 (2 `, `)� � (�q, q)

We will use the D  
notation again on page 95.
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¢x 5 x2 2 x1          The change in x is the difference in the x-coordinates

¢y 5 y2 2 y1          The change in y is the difference in the y-coordinates

Any two distinct points determine a line. A nonvertical line has a slope that meas-
ures the steepness of the line, and is defined as the change in y divided by the change in 
x for any two points on the line.

Slope of Line Through (x1, y1) and (x2, y2)

m 5
¢y

¢x
5

y2 2 y1

x2 2 x1

Slope is the change in y over 
the change in x (x2 Þ x1)

Be Careful   In slope, the x-values go in the denominator.

The changes ¢y and ¢x are often called, respectively, the “rise” and the “run,” with 
the understanding that a negative “rise” means a “fall.” Slope is then “rise over run.”

x1

(x2, y2)

x2

x

y

y1

y2

run

Slope �

ri
se

�x � x
2
 � x1 

�y � y
2
 � y1 

�x
�y 

run
rise

� 

(x1, y1)

EXAMPLE 2	 Finding Slopes and Graphing Lines
Find the slope of the line through each pair of points, and graph the line.

a.	 	(2, 1), (3, 4)        b.  (2, 4), (3, 1)

c.	 (21, 3), (2, 3)       d.  (2, 21), (2, 3)

Solution

We use the slope formula   m 5
y2 2 y1

x2 2 x1
   for each pair   (x1, y1), (x2, y2).

a.	 For (2, 1) and (3, 4) the slope is	 b.  For (2, 4) and (3, 1) the slope is

	
4 2 1
3 2 2

5
3
1

5 3.	
1 2 4
3 2 2

5
23
1

5 23.

5

2
1

1 2 5
x

y

3 4

3
4

�x � 1

�y � 3

slope 3 (2, 4)

(3, 1)

5

2
1

1 2 53 4

3
4

�x � 1
slope �3

�y ��3

x

y

One of the main purposes 
of calculus is to extend the 
concept of slope from lines 
to curves.

Take Note
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8	 Chapter 1	 Functions

Notice in the preceding graphs that when the x-coordinates are the same [as in 
part (d)], the line is vertical, and when the y-coordinates are the same [as in part (c)], 
the line is horizontal.

If    Dx 5 1,   as in Examples 2a and 2b, then the slope is just the “rise,” giving 
an alternative definition for slope:

Slope 5 aAmount that the line rises
when x increases by 1

b

Practice Problem 3
A company president is considering four different 
business strategies, called S1, S2, S3, and S4, each with 
different projected future profits. The graph on the 
right shows the annual projected profit for the first 
few years for each of the strategies. 

Which strategy yields:

a.	 the highest projected profit in year 1?
b.	 the highest projected profit in the long run?

Solutions on page 15 >

Equations of Lines

The point where a nonvertical line crosses the y-axis is called the y-intercept of the 
line. The y-intercept can be given either as the y-coordinate b or as the point (0, b). 
Such a line can be expressed very simply in terms of its slope and y-intercept, rep-
resenting the points by variable coordinates (or “variables”) x and y.

c.	 For (21, 3) and (2, 3) the slope	 d.  For (2, 21) and (2, 3) the		
				 	            slope is undefined:

	
is 

3 2 3
2 2 (21)

5
0
3

5 0.
	

3 2 (21)
2 2 2

5
4
0

.

slope 0

(2, 3)(�1, 3)

5

2
1

1 2 53 4

4

�1
x

y

(2, 3)

(2,�1)

sl
op

e 
un

d
ef

in
ed5

2
1

–1 1 53 4

3
4

x

y

1

A
nn

ua
l p

ro
fit

2 3 4
Year

S2

S1

S3

S4
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For lines through the origin, 
the equation takes the particu
larly simple form,   y 5 mx  
(since   b 5 0),   as illustrated 
on the left.

Slope-Intercept From of a Line

x
slope    y-intercept

slo
pe m

b

y

x

y � mx � b 

y � mx � b mx

b

Brief Example
For the line with slope 
22 and y-intercept 4:

y 5 22x 1 4

2

4

1 2
x

y

y-intercept (0,4)

Second point
1 unit “over”
and 2 “down”

y � x    (slope 1)

y � �x    (slope �1)

y � 2x    (slope 2)

y � 3x    (slope 3)

5

�5

�5 532 4

3

4

�4 �3 �2

�4

x

y

y � �2x    (slope �2)

y � �3x    (slope �3)

The most useful equation for a line is the point-slope form.

Point-Slope Form of a Line

y 2 y1 5 m(x 2 x1)
(x1, y1) 5 point on the line 
          m 5 slope

This form comes directly from the slope formula   m 5
y2 2 y1

x2 2 x1
   by replacing x2 and y2 

by x and y, and then multiplying each side by (x 2 x1). It is most useful when you 
know the slope of the line and a point on it.
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